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The mathematical theory of invariant imbedding has been described in 
numerous papers by Bellman and Kalaba and their co-workers [l]. The 
invariant imbedding technique has been applied to wave mechanics [2], and 
we will show here that one-dimensional band theory can also be analyzed 
by means of the technique. The band theory formulation is an extension of 
the work by Davies. 
We will be concerned with two problems in this paper. We will first show 
that the Kronig-Penney model of a rectangular barrier can be analyzed by 
invariant imbedding and that the same restrictions are reached on the energy 
levels of the electron. We will then show that the invariant imbedding tech- 
nique gives a computational form which can be solved for any one-dimensional 
potential variation. The equations to be solved to determine the energy levels 
are numerical equations and can be solved by means of a high speed digital 
computer. 
There are many extensions of the work which we shall not describe in 
detail here. For example, the potential function can be modified by random 
changes in height and periodicity. A discussion of the use of invariant im- 
bedding in problems with random properties will be found in the book by 
Adams and Denman [3]. The band structure of ordered and disordered 
alloys can be studied by using the method described in this paper. 
I. THE KRONIG-PENNEY MODEL 
We will use the Kronig-Penney model to derive the equations to analyze 
the band structure of solids. This particular model consists of a rectangular 
potential barrier with a periodicity a. Although such a potential distribution 
is quite different from the actual potential in a crystal lattice, much can be 
learned from such a model. 
Consider a potential barrier of height I’ and width b as shown in Fig. 1. 
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The minimum potential is assumed to be zero. SchrGdinger’s equation for the 
wave function, 3, of the electron must be satisfied throughout the entire 
structure. 
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FIG. 1. Kronig-Penney model. 
The wave function #(x) must obey the Bloch condition of periodicity at 
x=0 and x=na. 
(4) 
By applying the boundary conditions along the potential barrier [4], one 
can easily show from (l)-(4) that certain restrictions must be placed on the 
electron energy. Such restrictions can be expressed through the equation 
cosKa = &&fff a sinh @J sin o((u - 6) + cash ~ZI cos CL(U - b), (5) 
where 
~2 = 2mEIP (6) 
/la = 2m(V - E)/?P. (7) 
Since cos Ka is a bounded function, the right side of (5) must also be bounded 
for a valid solution. The only values of E that are allowed are those that make 
the right side of (6) fall between - 1 and 1. Equation (5) will be satisfied 
for only certain values of E and these values of E are permitted electron 
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energy levels. Thus, (5) expresses in a mathematical form the constraints 
on the electrons in a crystal lattice of the K-P type. 
II. INVARIANT IMBEDDING FORMULATION 
We will now formulate the Kronig-Penney problem by using invariant 
imbedding. We will show that (5) can be obtained without solving 
Schrodinger’s equation and we will obtain a more general expression for the 
permitted energy levels. 
Consider a single period of the potential variation shown in Figure 1. Let 
a wave Z& be incident on the left and right side of the region 0 < x < a as 
shown in Figure 2. There will be transmitted waves on each side, these 
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FIG. 2. Single period of the K-P model. 
waves consisting of partially transmitted and reflected waves. The trans- 
mitted waves are given by the sum of the two contributions as expressed in 
(8) and (9). 
Mx = Lbi(O> + G2tk(4 (8) 
$44 = ~&i(O) + &7w (9) 
ijj indicates the composite transmission coefficients and fjK denotes the 
composite reflection coefficients. 
Let us now transform (8) and (9) into more useful forms. We shall rearrange 
the two equations in such a manner that IJ~(u) and $~(a) are on the left side 
of the equations and zjt(0) and I/Q(O) on the right side. With this change we 
have 
M4 = G7w) + (41 - ~12~~1~,1) v4(0), (11) 
which are in a form such that additional sections can be cascaded by writing 
equations for a < x < 2u, etc. 
56 DENMAN AND KELLEY 
Consider now the matrix Q consisting of the coefficients of the right side 
of (10) and (11). We will now find the eigenvalues of Q and show that the 
eigenvalues predict the bands. The eigenvalues are found from the equation 
det [Q -IA] = 0, (12) 
where I is the identity matrix. The characteristic equation of (12) is given by 
where iI1 = isa and F12 = i,, . Let h = eiKa and substitute into (13); one 
finds that 
cos Ku = 1 + f,zl - c2 
2t,, 
for the symmetrical barrier. Equation (14) is the desired equation and (14) 
leads to identical restrictions on the electron energy in a rectangular barrier. 
To show that (14) is identical to (5), a method of finding the composite 
transmission and reflection coefficients must be available. The invariant 
imbedding method of finding 2,, and FIa can be used. A brief description of 
the invariant imbedding technique will be given; the reader should consult 
the published work of Bellman et al. for more details. 
Let us suppose that the region 0 < x < a of Fig. 2 has been broken into 
n slabs of equal width. We shall use A to designate the slab width and we will 
number the slabs from left to right. Each slab will have associated with it a 
wave number given by 
kj = -g- (E - VA, 
where V, is the value of the potential V(x), at thejth slab. Each slab will be 
homogeneous and the only phase shift occurs between the slab interfaces. 
The wave interaction is a localized process with reflections occurring only 
at the interfaces. 
By using these assumptions, the reflection and transmission coefficients 
for an n-slab medium can be calculated by use of the recursive equations of 
invariant imbedding. Letting the composite coefficients be designated by a 
tilde, one has 
r12( j) + f12( j - 1) exp [ - 2iki-+l-J 
‘l’(j) = 1 + fIa(j - 1) r12( j) exp [- 2iki-,dj,] 
W’ - 1) h(i) ew [- &4-J 
“‘(j) = 1 + P,r(j - 1) rlz(j) exp [- 2ik+,dj, 
(16) 
(17) 
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where r,s(j) and t,,(j) are the Fresnel coefficients for a simple interface, i.e., 
kj - k,-l 
r12(d = k, + kipl 
2kj 
tll(.i) = kj + kjpl * 
(18) 
(19) 
To compute the composite coefficients, first let j = 1 in (15)-(19), subject 
to the initial conditions that ?r2(0) = 0 and iii(O) = 1. Values of ir,(l) and 
ill(l) are then substituted back into (16) and (17) to compute the composite 
coemcients when j = 2. This process is continued until the n-slab region has 
been crossed. The slab thickness d should be selected to assure convergence 
of (16) and (17). 
Before we reconsider the Kronig-Penney model, consider Eqs. (16) and 
(17). Since (18) and (19) may be complex, then the composite coefhcients 
can be complex. Let 
$1 = (G + 4)ll (20) 
?I2 = (Tr + ifi) (21) 
and substitute into (14). S ince cos Ku is real, then we can write (14) as a real 
and imaginary term. The imaginary part must be zero, therefore one finds 
that 




which is somewhat simpler than (14). 
III. THE KRONIG-PENNEY MODEL VIA INVARIANT IMBEDDING 
The rectangular barrier is a simple model which can be analyzed directly. 
Divide the region 0 < x < a into three slabs where the slabs have wave num- 
bers 01, - ip and 01. Applying (16)-( 19) to the model, the composite coeffi- 
cients are given below: 
M3) = 
- 2&x/3 exp [ - &(a - b)] 
(a2 - /cY) sinh fib - 2$3 cash fib 
F12(3) = (a2 + P”) sinh Bb exp [- i4a - b)l 
(01~ - ,@) sinh fib - 2&/3 cash /3b ’ 
Substituting (23) and (24) into (14) and rearranging, one finds 
cos Ku = F 
a 
sinh /QJ sin ol(a - b) + cash /3b cos CX(U - 6). 
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IV. ARBITRARY V(x) 
To extend the work to a more general case, a sinusoidal potential was 
selected. Such a potential function makes it possible to use tabulated values 
of Mathieu functions [5]. Schrodinger’s equation can be transformed into the 
Mathieu equation making the above check possible. 
Let V(X) take the form 
V(x) = A, + A, cos f x, (26) 
which when substituted into Schrodinger’s equation gives 
d2# p + g (E - A, - A, cos T) * = 0. 
Equation (27) can be transformed into the Mathieu equation 
$$ + (4or - 169 cos 26) I) = 0 (28) 
by letting f = vrxla and where 
The above model was examined on an IBM 7072 computer. The band 
structure was determined by finding values of cos Ka between - 1 and 1. 
The permitted levels for the model are shown in Fig. 3 and are compared to 
the exact values in Table 1 below. The periodicity of the potential was taken 
to be 4A” and we selected A as 1.33 x 10-3A. To make use of tabulated 
values of the Mathieu functions, p = 1 when 4, = - 37.2 volts and 
A, = - 50 volts. All computations were made using single precision. 
Knowing values of cos Ka for certain energy values, it is simple procedure 
to calculate the effective mass and velocity within the permitted levels. The 
effective mass is given by 
and the velocity by 
t?E 
v* = 6-l -& . (30) 
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PERIODIC COSINE POTENTIAL 
PERIOD = O.4X1O-7 CM. 
AMPLITUDE = 37.2 VOLTS 
-3.0 
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ENERGY IN ELECTRON VOLTS 
FIG. 3. Band structure for sinusoidal potential. 
TABLE 1 
PERMITTED LEVELS: q = 1 
Level 
Computed Exact 
% (Lo-9 ai (High) % e-4 ezi (High) Error( %) 
1 -2.648 -2.648 -2.6516 -2.6513 0.1% 
2 -0.1368 -0.1264 -0.1089 -0.0973 27% 
3 1.988 2.154 2.0288 2.1174 2% 
4 3.520 4.320 3.5454 4.2956 1% 
5 4.790 6.575 4.8131 6.5552 0.5% 
The results of the calculations for effective mass and velocity are shown in 
Fig. 4. We have plotted V*&/a and m*aa/?i2 as functions of Ka. 
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FIG. 4a. Effective mass. 
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FIG. 4b. Effective velocity. 
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V. CONCLUSIONS 
The invariant imbedding technique discussed here permits the computation 
of the band structure of a one-dimensional lattice. Although the one-dimen- 
sional case is of limited usefulness, we have proven the value of the method. 
No attempt was made to obtain high accuracy. 
IVe are presently extending the above method to the study of ordered and 
disordered lattices. Preliminary calculations of ordered lattices show con- 
siderable promise in predicting bands in ordered alloys. We shall discuss 
the random problem in a latter paper. 
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